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Optimization of spin-torque switching using AC and DC pulses
Tom Dunn1, and Alex Kamenev1,2
1Department of Physics, University of Minnesota, Minneapolis, Minnesota 55455, USA.
2Fine Theoretical Physics Institute, University of Minnesota, Minneapolis, Minnesota 55455, USA.
We explore spin-torque induced magnetic reversal in magnetic tunnel junctions using combined
AC and DC spin-current pulses. We calculate the optimal pulse times and current strengths for
both AC and DC pulses as well as the optimal AC signal frequency, needed to minimize the Joule
heat lost during the switching process. The results of this optimization are compared against
numeric simulations. Finally we show how this optimization leads to different dynamic regimes,
where switching is optimized by either a purely AC or DC spin-current, or a combination AC/DC
spin-current, depending on the anisotropy energies and the spin-current polarization.
PACS numbers: 85.75.Dd, 85.75.-d, 75.75.Jn
I. INTRODUCTION
The question of spin-torque (ST) efficiency in switch-
ing the free layer in magnetic tunnel junctions (MTJ)
has been of great interest in recent years [1–4] due to
spintronic memory’s potential as a universal non-volatile
memory element [5, 6]. For MTJ with pinned and free
layer easy-axis parallel the most efficient prescription has
been shown both theoretically and experimentally to be a
DC current pulse roughly twice the critical current [7, 8].
Recent experimental research, however, has shown MTJ
with a second pinned layer, polarized perpendicular to
the free layer easy-axis, along the free layer easy-plane
axis, can produce switching much faster and more effi-
ciently than in similar co-linear devices [9, 10]. Further-
more, previous theoretical work by the authors of this
paper has shown AC spin-current pulses in MTJ with
strong free layer easy-plane anisotropy and with both
parallel and perpendicularly polarized pinned layers can
improve the efficiency further by inducing a resonant re-
sponse in the free layer [11].
For MTJs with weak easy-plane anisotropy (such as
those used in Ref. [12–14]) this purely AC method be-
comes less effective. This is a result of the magnetization
spending more time at large azimuthal angles through the
switching process, where the ST from the perpendicular
pinned layer is weaker. Conversely, as the magnetization
spends more time at large azimuthal angles the strength
of the ST from the parallel pinned layer ST gets larger
for DC currents. In fact, for some cases the strengths
of the AC and DC ST may intersect allowing the AC
ST to dominate for low energy orbits and the DC ST
for high energy orbits. This tradeoff suggests an alter-
native means of magnetic switching in MTJs with weak
easy-plane anisotropy. Instead of using a purely AC or
DC spin-current, an AC pulse may be used to push the
magnetization to a higher energy state, where a DC spin-
current can then be used to switch the magnetization the
rest of the way. Such an AC/DC current pulse strategy is
considered experimentally in Ref. [15] and theoretically
using micromagnetic simulations in Ref. [3] and shown to
markedly improve the efficiency of the switching process.
0 100 200 300−1
0
1
t · γMs
 
 
Mz/Ms
E/Eb
Is( t)
FIG. 1: (Color online) Simulated switching trajectory cal-
culated via numeric integration of the LLS equation; Mz
(black,solid) and energy E (blue,dot-dashed) along with spin-
current in arbitrary units (red,dashed). Here Hx = 0.5Ms,
Hz = 0, α = 0.015, I˜s = Is = 0.02Ms, mp = eˆz + eˆx,
ω = γHx, and T = 300K.
In this paper we present a theoretical description of
switching using AC/DC spin-current pulses with arbi-
trary free layer anisotropy and spin-current polariza-
tion. Using this description we derive four optimiza-
tion equations which can be used to numerically calcu-
late the AC/DC spin-current protocol which minimizes
Joule heat loss (JHL) during the switching process. The
approach used is similar to that used in Refs. [16, 17]
which look at minimizing Ohmic losses for ST driven
domain wall motion in ferromagnetic wires. As a spe-
cific example we calculate the optimal AC/DC spin-
current protocol, including the optimal AC and DC pulse
times, spin-current strengths, and AC frequency, for a
free layers with uniaxial anisotropy and spin-current po-
larized equally along the easy-axis and hard-axis direc-
tions. These results are compared to numeric simula-
tions. We also present a general theoretical prescription
for the timer dependent AC/DC spin-current protocol
2which gives the global minimum JHL for a free layer with
arbitrary easy-axis and easy-plane anisotropy strengths.
Finally we discuss the range of values the optimal spin-
current parameters may take for the practical case where
the spin-current parameters are each held constant for
the duration of the AC and DC pulses.
II. MODEL
To model the magnetic switching we treat the free
layer as a single magnetic domain with a constant sat-
uration magnetization Ms and magnetization direction
specified by a time-dependent unit vector m(t). Its mo-
tion is described by the Landau-Lifshitz equation with
Slonczewski spin torque term [18, 19] (LLS)
M˙ = ΓLL + ΓGD + ΓST, (1)
where
ΓLL = −γM×Heff , (2)
ΓGD = −γ αm× [M×Heff ] , (3)
ΓST = γ Is(t)m × [mp ×M] , (4)
are the conservative, dissipative and spin torques acting
on the free layer respectively. Here γ is the gyromag-
netic ratio, α is the dimensionless Landau-Lifshitz damp-
ing coefficient, Is(t) is the time dependent strength of the
spin-torque which is proportional to the spin-current den-
sity and has units of magnetization, and mp is the spin-
current polarization vector such that ~Is(t) = Is(t)mp.
Hereafter we refer to ~Is as the spin-current and Is as
the spin-current strength. Thermal Gaussian noise is in-
cluded as a random contribution h(t) to the effective field
[20]
Heff(m, t) = −∇mE(m) + h(t), (5)
with correlator given by the the fluctuation-dissipation
theorem [21]. Here E is the magnetostatic energy density
of the free layer
E(m) =
Ms
2
[
Hx
(
1− (m · eˆx)2
)
+Hz (m · eˆz)2
]
, (6)
where eˆx and eˆz are the directions of the easy-axis and
easy-plane respectively, and Hx and Hz are the strengths
of the easy-axis and easy-plane anisotropy fields respec-
tively. The hight of the energy barrier between the two
easy-axis directions is Eb = HxMs/2.
The spin-currents ~Is(t) being considered here consist
of two pulses: an AC pulse ~Is sin(ωt), followed immedi-
ately by a DC pulse ~Is as shown in Fig. 1. These pulses
are characterized by six parameters: the AC driving fre-
quency ω, the AC spin-current strength I˜s, the duration
of the AC pulse tAC, the DC spin-current strength Is,
the duration of the DC pulse tDC, and the polarization
vector mp. A sample non-optimal switching trajectory
from such a pulse is shown in Fig. 1.
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FIG. 2: (Color online) Simulated optimal Joule heat loss in
arbitrary units as a function of spin-current amplitude Is for
DC (black squares) and AC/DC (red triangles) spin current
methods. Black line represents the theoretical optimal Joule
heat lost calculated by numerically solving Eqs. (23) while
holding Is constant for both AC and DC pulses. Other pa-
rameters the same as in Fig. 1.
III. NUMERICAL SIMULATIONS
Using the model outlined in the previous section we
performed numerical simulations of spin-torque switching
using AC/DC spin-currents acting on a free layer with
uniaxial anisotropy where Hz = 0, Hx = 0.5Ms, α =
0.015, mp = eˆz + eˆx, and T = 300K. For simplicity
the strength of the AC and DC spin-current pulses were
taken to be equal Is = I˜s = Is for each trial.
To determine the optimal spin-current protocol numer-
ous trials were simulated for a range of AC/DC param-
eters. Each trial consisted of of 103 switching attempts.
For each attempt the magnetization was allow to relax
into a thermal equilibrium state before the spin-current
pulse was applied. After the pulse the magnetization
then was allowed to relax back into a thermal state to de-
termine if the magnetization had switched. The energy
loss due to Joule heating for each attempt was then cal-
culated by integrating the power over the duration of the
current pulse J =
∫ tpl
0
dtR(m) I2s . Here tpl = tAC + tDC
is the total pulse time and R(m) is a resistance that de-
pends on the direction of the magnetization relative to
the pinned layer magnetization. In practice this resis-
tance varies little through the switching process [22, 23]
thus we approximate the JHL as
J =
∫ tAC
0
dtR I˜2s sin2(ωt) +
∫ tpl
tAC
dtR I2s . (7)
3The parameter set resulting in the least JHL, with
switching probability above 99.5%, for each spin-current
amplitude Is is shown in Fig. 2. Notice the optimal
energy loss using this AC/DC method is almost a third
of the purely DC method for the same device and the
optimal current is roughly half.
IV. AC AND DC SPIN-TORQUE DYNAMICS
In this section we present a theoretical description of
free layer magnetization dynamics under the effects of
AC and DC spin torque in the absence of thermal noise.
The effects of DC spin-current is covered first followed
by the effects of AC spin-current.
In order for any spin-current pulse to switch the di-
rection of the free layer the ST must first push the mag-
netization into an excited state with energy above the
height of the energy barrier Eb. In this process the ST
is opposed by damping which pulls the magnetization
to lower energy states. Since the damping torque ΓGD
always points perpendicularly to the lines of constant en-
ergy, known as Stoner-Wohlfarth (SW) orbits, a natural
way of assessing the strength of the spin toque is to de-
compose it into components along the SW orbits and
perpendicular to them.
To this end we write the free layer magnetization in
terms of the locally orthogonal coordinates E and ϕ such
that M = M(E,ϕ) [24]. Here E is nothing more than
the energy of the free layer given by Eqn. (6) and ϕ =
Ω(E)τ is the time τ into the SW orbit with energy E
in the absence of spin-torque and damping, normalized
to 2π. Here Ω(E) = 2π/
∮
dτ is the energy dependent
precessional frequency of the magnetization about the
easy-axis in the absence of ST and τ is given by
dτ =
ΓLL · dM
|ΓLL|2 . (8)
The equations of motion for the magnetization in these
coordinates are found using the relations
E˙ = −Heff · M˙ ; ϕ˙ = Ω(E)ΓLL · M˙|ΓLL|2
. (9)
Substituting Eqn. (1) into Eqs. (9) for M˙ the LLS equa-
tion becomes
E˙ = −αU(E,ϕ) + Is(t)V (E,ϕ) ,
ϕ˙ = Ω(E)− Is(t)W (E,ϕ) . (10)
The three generalized “forces” on the RHS of Eqs. (10)
represent the effects of dissipation and ST on the free
layer energy respectively, as well as the effect of ST on
the free layer precessional frequency. They are given by
U(E,ϕ) =
1
γMs
|ΓLL|2 ;
V (E,ϕ) =
1
Ms
[ΓLL ×M] ·mp ;
W (E,ϕ) = γMsΩ(E)
ΓLL ·mp
|ΓLL|2 . (11)
For DC spin-currents that are not too large (i.e. on
order of the DC critical switching current), the energy E
is a slow variable relative to ϕ, see Fig. 1. This separation
of time scales allows the equation of motion for E to be
averaged over each SW orbit with respect to ϕ [25, 26].
Taking this average for DC spin-currents gives
E˙ = −αU(E) + IsV (E) , (12)
where the two ϕ-averaged generalized forces are
U(E) =
Ω(E)
2πMs
∮
[dM×Heff ] ·M ;
V (E) = ηx
Ω(E)
2πMs
∮
[dM×M] · eˆx . (13)
Here ηx =mp ·eˆx is the portion of the spin-current polar-
ized along the free layer easy-axis, +eˆx direction. Note
the free layer dynamics depends only on the ST coming
from the parallel pinned layer. The lack of any depen-
dence on the ST from the perpendicular pinned layer is
the result of the perpendicular ST self canceling as the
magnetization precesses about the effective field. It is
worth noting that using Eqn. 12 one may derive an effec-
tive potential energy that includes ST, see Ref. [25].
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FIG. 3: (Color online) Free layer energy E(t) vs time un-
der the effect of a DC spin-current, calculated via numeric
integration of the LLS equation (black,solid) and Eqn. (12)
(red,dashed). Here Hx = 0.5Ms, Hz = 0, α = 0.015,
mp = eˆx + eˆz, Is = 0.02Ms , and T = 0.
A sample DC switching trajectory is shown in Fig. 3
and compared to the ϕ averaged trajectory calculated
4using Eqn. (12). Notice the simulated trajectory closely
follows the trajectory calculated using Eqn. (12). Here
the small oscillations in the simulated trajectory are the
result of the ST from the perpendicular pinned layer and
the ϕ precessions which have been averaged over.
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FIG. 4: (Color online) Free layer energy E vs phase φ un-
der the effect of an AC spin-current calculated via numeric
integration of the LLS equation(black,dashed), Eqn. (14)
(red,dashed), and H = 0 trajectory (blue,solid) from Eqn.
(16). Here I˜s = 0.04Ms, ω = γHx, Is = 0, and T = 0 with
other parameters the same as in Fig. 1.
For AC spin-currents with driving frequency ω close to
the natural frequency of the free layer, the free layer mag-
netization tends to precess with the driving frequency ω.
This resonance allows the spin-current polarized along
the easy-plane direction to have a non-zero net effect on
the energy of the free layer instead of self canceling as in
the DC case. The strength and sign of this net perpen-
dicular ST depends on the relative phase φ(t) = ϕ(t)−ωt
between the magnetization and the AC signal. The equa-
tion of motion for this phase is φ˙ = ϕ˙−ω where ϕ˙ is given
by Eqn. (10). Since Ω(E)≫ Ω(E) − ω the phase is also
a slow variable relative to ϕ. This means the same aver-
aging procedure used in the DC case can be applied to
both the E and φ equations of motion [11]. Performing
this average gives
E˙ = −αU(E)− I˜sV˜ (E) sinφ ;
φ˙ = Ω(E)− ω − I˜sW˜ (E) cosφ . (14)
Here the two new generalized ϕ-averaged AC forces are
given by
V˜ (E) = ηz
Ω(E)
2πMs
∮
[dM ×M] · eˆz cosϕ ,
W˜ (E) = γ ηz
Ω2(E)
2πMs
∮
dM · eˆz
|ΓLL|2 sinϕ , (15)
and ηz = mp · eˆz is the portion of the spin-current po-
larized along the easy-plane direction, +eˆz-axis. To get
the specific form of Eqs. (14) and (15), ϕ = 0 was chosen
to coincide with the easy-plane axis +eˆz and the rela-
tion sin(ωt) = sin(ϕ − φ) = sinϕ cosφ − cosϕ sinφ was
employed. A sample trajectory for E and φ is shown in
Fig. 4 along with the ϕ-averaged trajectory calculated
via numeric integration of Eqs. (14). Notice for both
the energy first significantly overshoots the equilibrium
energy before winding down to it.
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FIG. 5: (Color online) Plots several contours of constant H
(black,thin), including H = 0 (blue,thick) and separatrix con-
tour (red,thick) calculated via Eqn. (16) for AC frequencies
a) ω = 0.9Ω0 and b) ω = 0.7Ω0. Stable fixed points are
marked as A, B, and C. Unstable fixed point is marked as S.
Here Hx = 0.5Ms, Hz = 0, α = 0.015, mp = eˆx + eˆz, and
I˜s = 0.04Ms.
That the magnetization initial overshoots the equilib-
rium energy is essential to the efficiency of AC perpen-
dicular spin-currents. To get a better understanding of
this energy overshoot one may note that in the absence
of damping, α = 0, the trajectories given by Eqs. (14)
possess an integral of motion and can thus be described
as lines of constant value for some function H(E, φ) [11].
Indeed, one may check that the following function
H(E, φ) =
E∫
0
dE′J (E′)
[
ω − Ω(E′) + I˜s W˜ (E′) cosφ
]
,
(16)
is conserved by the equations of motion Eqs. (14), when
α = 0, if the function J (E) is a solution of the following
5linear homogeneous differential equation:
V˜ (E)
dJ (E)
dE
= J (E)
(
W˜ (E) − dV˜ (E)
dE
)
. (17)
Setting E = 0 in Eqn. (16) gives H = 0, thus for free
layer with small initial energies E0 ≪ Eb under the ef-
fect of an AC ST the magnetization should closely follow
the H = 0 contour for the initial part of its trajectory.
Figure 4 shows one such H = 0 trajectory along with
the simulated trajectory from the LLS equation (1) and
the corresponding ϕ-averaged trajectory calculated using
Eqs. (14). Indeed even with damping the magnetization
closely follow the H = 0 line for a good portion of its
initial upward trajectory.
This means for small damping the dependence of the
phase on the energy can be approximated using the H =
0 trajectory as
I˜s cos(φ(E)) = FΩ(E)−Fω(E,ω) , (18)
where
FΩ(E) =
∫ E
0
dE′J (E′)Ω(E′)∫ E
0
dE′J (E′)W˜ (E′)
;
Fω(E,ω) =
∫ E
0
dE′J (E′)ω∫ E
0
dE′J (E′)W˜ (E′)
. (19)
Substituting Eqn. (18) into E˙ in Eqn. (14) removes all φ
dependence from the AC energy trajectory and reduces
the free layer switching to a one dimensional problem as
was the case for DC spin-currents.
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FIG. 6: (Color online) Equilibrium energy as a function
of frequency ω found via simulation of the LLS equation
(red,triangles) and calculated numerically from Eqn. (20).
Same parameters as in Fig. 1.
To end our discussion of AC ST dynamics we now look
at the dependence of the energy overshoot on the applied
frequency ω. Figure 5 plots several lines of constant H,
calculated from Eqn. (16), for a free layer with uniax-
ial anisotropy and AC signal frequencies ω = 0.9Ω0 and
ω = 0.7Ω0 where Ω0 = Ω(E = 0) is the zero energy
natural frequency of the free layer. Note the difference
in the H = 0 trajectories (blue) as well as the appear-
ance of a separatrix trajectory (red) for ω = 0.7Ω0. For
small initial energies this separatrix prevents the magne-
tization from reaching the upper H = 0 trajectory thus
confining it to the lower H = 0 orbit and equilibrium
point C. Varying the AC frequency from ω = 0.9Ω0 to
ω = 0.7Ω0 one sees these two regimes are separated by
a bifurcation frequency above which the system has only
a single fixed point and below which has two stable fixed
points separated by a separatrix.
This bifurcation frequency can be seen clearly in Fig.
6. Here we have calculated the equilibrium energy Eeq
via
I˜2s =
(
αU(E)
V˜ (E)
)2
+
(
ω − Ω(E)
W˜ (E)
)2
, (20)
found by setting the LHS of Eqs. (14) to zero, and nu-
merically solving for E. Fig. 6 also shows Eeq calculated
via simulations of the LLS equation, with temperature
T = 0, by adiabatically varying the frequency with time.
From the simulations we see two jump frequencies at ω1
and ω2 where the energy abruptly jumps between the
upper and lower equilibrium branches. Since the initial
energy is near zero for any switching process, for ω < ω2
the trajectory will overshoot and then relax to the lower
equilibrium branch (point C in Fig. 5) while for ω > ω2
the trajectory will overshoot and then relax to the upper
(point A in Fig. 5). As a result ω2 . ω produces the
largest overshoot energies.
V. MINIMIZING JOULE HEAT LOSS
With a firm understanding of how the free layer mag-
netization responds to both AC and DC spin-currents
we now look for the AC/DC spin-current protocol which
minimizes the JHL. We begin by expressing the JHL from
a spin-current pulse, given in section III by Eqn. (7), in
terms of the energy/phase coordinates from the previous
section. This is done by averaging the power about ϕ
resulting in
J =
1
2
∫ Ec
E0
dE
R I˜2s∣∣E˙(E)∣∣ +
∫ Eb
Ec
dE
R I2s∣∣E˙(E)∣∣ . (21)
Here Ec is the energy of the free layer when the spin-
current is switched from AC to DC, E˙ is the AC and
DC energy “velocities” given by Eqs. (12) and (14) re-
spectively, and R is an empirical constant proportional
to the resistance. Here also we have eliminated the ex-
plicit dependence on time in Eqn. (21) using the relation
dt = dE/|E˙| and each integral represents a path integral
6over the energy trajectory E(t) of the magnetization dur-
ing the AC and DC pulses. Using Ec in place of tAC and
tDC acts to eliminate one of our spin-current parameters
and is centered on the observation that the total pulse
time tpl should be just long enough to produce a switch,
thus tDC = tpl − tAC is entirely dependent on tAC and
the remaining spin-current parameters. In this represen-
tation the AC and DC pulse times corresponding to Ec
are given by
tAC =
∫ Ec
E0
dE∣∣E˙(E)∣∣ ; tDC =
∫ Eb
Ec
dE∣∣E˙(E)∣∣ . (22)
Since the optimal protocol should be such that the free
layer is always moving towards higher energy we have
drop the modulus signs around E˙ going forward.
To find the set of AC/DC spin-current parameters
which minimizes Eqn. (21) we take its partial derivatives
with respect to each of the remaining spin-current pa-
rameters and set them equal to zero. These parameters
are: the AC spin-current strength I˜s, the AC spin-current
frequency ω, the DC spin-current strength Is, and the
energy Ec where the spin-current changes from an AC
pulse to a DC pulse. Taking these derivative, paying
careful attention to the dependence of φ(E) on ω and I˜s,
respectively gives
0 =
R
2
∫ Ec
E0
dE
I˜s
E˙2
(
2E˙ +
I˜s V˜
sinφ
)
; (23a)
0 =
R
2
∫ Ec
E0
dE
I˜2s
E˙2
(
Fω V˜ cotφ
)
; (23b)
0 = R
∫ Eb
Ec
dE
Is
E˙2
(
Is V − 2αU
)
; (23c)
0 = R
(
I2s
E˙
− I˜
2
s
E˙
)
E=Ec
. (23d)
Here recall the generalized ϕ averaged AC and DC forces
are given by Eqs. (15) and Eqs. (13) respectively, Fω is
given by Eqn. (19), and φ(E) is given by the H = 0 tra-
jectory found using Eqn. (18). It should be pointed out
that in principle there may be more or fewer optimization
equations than those listed in Eqs. (23), the number of
which depends on the specific time/energy dependence
attributed to each parameter being optimized. For ex-
ample if one were looking for the optimal protocol with
a DC spin current that goes as Is ∝ IsE + I0 an addi-
tional optimization equation, 0 = ∂I0J , would need to
be solved in addition to those already listed.
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FIG. 7: (Color online) Simulated AC (left) and DC (right)
pulse times (black squares) which give the minimum JHL as
a function of spin-current amplitude Is. Red dashed lines
represent optimal pulse times numerically calculated using
Eqs. (23) at each spin-current strength. Same parameters as
Fig. 1.
Using these optimization equations the AC/DC spin-
current protocol which minimized the JHL can be calcu-
lated numerically, with relative ease, for any anisotropy
and pinned layer configuration. As an example, we have
numerically calculated the optimal spin-current protocol
for the free layer simulated in section III with uniaxial
anisotropy and mp = eˆx+ eˆz. The JHL for this protocol
is shown in Figs. 2 along with the simulated values. The
AC and DC pulse times, tAC and tDC, for these proto-
cols are shown in Fig. 7 along with the simulated values.
Recall, for these simulations I˜s, Is, and ω were held con-
stant for the duration of each pulse and the strengths
of the AC and DC spin-currents were taken to be equal
I˜s = Is. The first of these restriction defines how I˜s, Is,
and ω behave under integration while the second com-
bines Eqs. (23a) and (23c).
Of course, solving Eqs. (23c) numerically, given some
assumed form for each parameter, represents at best a
local minima in an otherwise infinite parameter space.
To find the spin-current protocols which gives the global
minimum JHL for the AC/DC spin-current strategies dis-
cussed here Eqs. (23) must be solved without placing any
restrictions on the form of I˜s, ω and Is. Amazingly, and
through no small amount of luck, such a solution is found
for Eqs. (23).
To find the spin-current protocol which gives the global
minimum JHL for AC/DC spin-current strategies we look
for solutions to Eqs. (23a), (23b), and (23c) which make
the terms inside the integrals on the RHS identically zero
for all values of E. One may indeed verify the AC spin-
current strength and frequency given by
I˜opt(E) = 2αU(E)
V˜ (E)
, ωopt(E) = Ω(E) , (24)
satisfies this requirement for Eqs. (23a) and (23b), as
7does the DC spin-current strength
Iopt = 2αU(E)
V (E)
, (25)
for Eqn. (23c). This means the optimal AC/DC spin-
current protocol is now entirely determined by Ec which
may be found using Eqn. (23d). It is worth pointing out
here that had we included in R any dependencies on the
free layer energy ,i.e., the angle between the free layer and
the reference layer, the optimal AC and DC spin-current
protocols given by Eqs. 24 and 25 would still satisfy Eqs.
23 and therefore minimize the JHL.
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FIG. 8: (Color online) Plots efficiency Eqn. (26) for AC
(red,dashed) and DC(black,solid) spin currents for parame-
ters Hz =Ms, Hx = 0.5Ms, α = 0.015, I˜s = Is = 0.04Ms and
ω = γ2Hx.
One may of course correctly point out there is no guar-
antee that a solution to Eqn. (23d) exists. This appar-
ent contradiction is mitigated by the observation that
the AC and DC protocols given by Eqs. (24) and (24)
are also the optimal protocols of the purely AC and DC
spin-current strategies respectively. For purely AC spin-
current strategies the optimization equations are given by
Eqs. (23a) and (23b) with Ec → Eb, which I˜opt and ωopt
satisfy. Alternately, for purely DC spin-current strate-
gies the single optimization equation is Eqn. (23c) with
Ec → E0, which Iopt satisfies. This means if Eqn. (23d)
doesn’t have a solution the optimal AC/DC protocol is to
use either a purely AC or purely DC spin-current pulse.
For cases where Eqn. (23d) has a solution our intuition
tells us the optimal protocol should be such that the AC
pulse is used until the efficiency of the DC pulse surpasses
it thus Ec should be the energy where the efficiencies of
the AC and DC pulses equal. This efficiency criteria is
exactly the physical interpretation of Eqn. (23d). Moving
the AC terms in Eqn. (23d) to the LHS and inverting,
keeping the factors of resistance R on each side, gives
E˙(Ec)
R I˜2s (Ec)
=
E˙(Ec)
R I2s (Ec)
. (26)
The terms on each side are clearly the instantaneous effi-
ciencies of the AC and DC spin-current methods respec-
tively, i.e. the rate of increase for the free layer energy
divided by power dissipated in doing so. An example of
this is shown in Fig. 8.
Whether the optimal AC/DC protocol uses a purely
AC, DC, or combined AC/DC protocol naturally de-
pends on the configuration of the pinned layers and the
free layer anisotropy. Fig. 9 illustrates this dependence
by calculating Ec numerically for a wide range of spin-
current polarization and anisotropy configurations using
the AC and DC spin-current protocols given by Eqs. (24)
and (25). As expected, for strong easy-plane anisotropy
and for strong spin-polarization along the easy-plane di-
rection purely AC spin-current protocols are optimal,
while for only very weak spin-polarization along the easy-
plane direction purely DC spin-current protocols are op-
timal. This gives a large range of spin-polarizations and
anisotropy configurations where AC/DC spin-currents
may show improvement over purely AC or DC ones.
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FIG. 9: (Color online) Plots the free layer energy Ec (in color)
where the spin-current should be changed from AC to DC in
order to minimize the JHL from switching as a function of the
relative anisotropy strengthsHz/Hx and the spin-polarization
ratio ηz/ηx. Here white indicates the optimal protocol uses
only AC spin-current and black indicates the optimal protocol
uses only DC spin-current. The AC and DC spin-current
protocols are given by Eqs. (24) and (25) and Ec is calculated
using Eqn. (26).
To conclude this sections we now discuss the physical
significance of the optimal AC and DC spin-current pro-
tocols given by Eqs. (24) and (25). From Eqn. (24) the
optimal AC frequency protocol is clearly to drive the AC
spin-current at the energy dependent natural frequency
of the free layer Ω(E). Substituting Ω(E) for ω in the
8equation of motion for φ Eqn. (14) gives
φ˙ = −I˜sW˜ (E) cosφ . (27)
By inspection one can see Eqn. (27) has one stable equi-
librium point at φ = 3π/2 and one unstable equilibrium
point at φ = π/2. This means, by keeping the AC signal
frequency at the natural frequency of the free layer, the
magnetization and the AC signal become phase locked.
For small initial energiesE0 ≪ Eb this phase locking hap-
pens very fast as W˜ ∝ 1/√E for E ≪ Eb. This phase
locking between the magnetization and the AC signal has
a profound effect on the efficiency of the AC ST. Placing
ω = Ω(E) into the AC energy equation of motion Eqn.
(14) gives
E˙ = −αU(E) + I˜sV˜ (E) , (28)
thus ωopt = Ω(E) also maximizes the ability of the AC
ST to push the free layer to higher energy.
To understand the physical significance of the optimal
AC and DC spin-current strengths, I˜opt and Iopt, one
may notice that on applying ωopt the AC ϕ-averaged en-
ergy equation of motion, Eqn. (28), takes the exact same
form as the DC ϕ-averaged energy equation of motion
Eqn. (12). Inserting I˜opt into Eqn. (28) and Iopt into
Eqn. (12) one finds
E˙ = +αU(E) . (29)
This is exactly the same as the ϕ-averaged AC and DC
energy equations of motion without any spin-current but
with time being reversed. This means for purely AC,
purely DC, and for AD/DC spin-current strategies the
optimal spin-current protocol exactly time-reverses the
purely relaxational trajectory of the free layer magneti-
zation from initial energy Eb to the energy minimum E0.
One can find further physical significance for the op-
timal AC and DC spin-currents by noting that for each
substituting Is = Iopt(E)/2 into the respective energy
equation of motion gives E˙ ≡ 0. This means the optimal
AC and DC spin-current strengths are also exactly twice
the local critical currents
I˜c(E) = αU(E)
V˜ (E)
, Ic(E) = αU(E)
V (E)
, (30)
i.e. the spin-current strength needed to perfectly balance
damping [26].
VI. DISCUSSION
The spin-current protocol given in the previous sec-
tion for the global minimum JHL using an AC/DC spin-
current strategy provides us with valuable insight into
how the free layer should behave near optimal switching
conditions. However, applying this strategy is not prac-
tical for many reasons. Chief amongst these is its strong
dependence on the energy trajectory of the free layer. For
ST devices at room temperature thermal noise prevents
us from knowing the exact trajectory for each switch.
Theoretically these thermal fluctuations could be over-
come by adjusting the spin-current in real time. However,
as most practical applications of ST switching require
switching times in the nanosecond and sub-nanosecond
regimes, any such self adjusting system would be well be-
yond the limits of current technology. Indeed even with-
out thermal fluctuations producing an AC/DC current
which matches the optimal protocol given by Eqs. (24)
and (25) would likely prove prohibitively difficult. For
these reasons, and others not mentioned, we now dis-
cuss more practical solutions to Eqs. 23 using the lessons
learned from the previous sections.
The simplest and most practical restriction one can
place on the form of the spin-current parameters I˜s, ω,
and Is is to require each be held constant for the duration
of their respective pulses, as was done for the simulations
presented in section III. This requires Eqs. 23 be solved
numerically and thus it is useful to place limitations on
the range where the optimal values of each parameter
may be found.
For constant DC spin-current strengths one finds the
optimal DC spin-current must be between twice the
smallest and twice the largest local critical current,
2 Iminc (E) < Iopt < 2 I
max
c (E), where Ec < E < Eb and
Ic(E) is given by Eqn. (30). These limits are found by
noting only the term
(IsV (E)− 2αU(E)) in Eqn. (23c)
may have both negative and positive values which is re-
quired for Eqn. (23c) to be satisfied upon integration.
For most devices the range between these two bounds
is relatively small, 2 Iminc (E) . 2 Imaxc (E) . 2 Ic. In
such cases the optimal DC spin-current is roughly twice
the critical current Iopt ≃ 2 Ic as is observed experimen-
tally for switching using only DC spin-currents. However,
for free layers with very weak easy plane anisotropy, i.e.
Hz/Hx . 2, this range can become quite large. In cases
where Hz = 0 the minimum local critical current van-
ishes, Iminc (E) → 0 as E → Eb. For these devices we
note the optimal DC spin-current must also be larger
than the DC critical current to ensure switching may oc-
cur regardless of our choice for Ec and in rare cases where
the free layer energy decreases due to thermal fluctua-
tions following the AC pulse. This means for free layers
with weak easy-plane anisotropy Ic < Iopt < 2Imaxc (E).
For the uniaxial case simulated in section III we found
the the optimal DC current to be slightly larger than the
critical current, see Fig. 7.
For AC pulses where the frequency is constant one
finds the optimal frequency must lie in the range ω2 <
ωopt < Ω0, where recall ω2 is the upper bifurcation fre-
quency shown in Fig. 6 and Ω0 is the zero energy natural
frequency of the free layer. The lower limit on the op-
timal AC frequency ωopt > ω2 comes from our desire to
maximize the energy overshoot of the free layer. Recall
this overshoot is dramatically limited for ω < ω2 due to
the appearance of a separatrix trajectory which limits the
9amplitude of the trajectory. The upper limit ωopt < Ω0
is found by noting only the term cosφ in Eqn. (23b) can
have both positive and negative values which is required
for Eqn. (23b) to be satisfied upon integration. Here
recall cosφ comes from the H = 0 AC trajectory and
is given by Eqn. (18). This behavior can be observed
by comparing Figs. 4 and 5a which have ω = Ω0 and
ω < Ω0 respectively. For the uniaxial case simulated in
section III and for free layers with strong easy-plane [24]
we found ωopt ≃ ω2 is nearly always the case. Of course
for real devices ω may vary slightly between switching
attempts thus ω should be picked such that it balances
maximizing the energy overshoot of the free layer with
desired switching probability.
For constant AC spin-current strengths establishing a
range of possible values for I˜opt is significantly more com-
plicated than in the previous two cases. One can formu-
late upper and lower bounds for I˜opt by noting the term(
2E˙(E) + I˜s V˜ (E)/ sinφ
)
in Eqn. (23a) must have pos-
itive and negative values in the range E0 < E < Ec
in order for Eqn. (23a) to be satisfied. However, these
limits lack simple relationships to measurable physical
quantities, such as the critical current and the upper bi-
furcation frequency, thus we exclude their precise formu-
lation here. Instead, we extrapolate limits from the case
where I˜s is held constant and the AC frequency is set
equal to the energy dependent optimal value ω = ωopt(E)
given by Eqn. (24). For this case Eqn. (23a) reduces to
(23c) with V (E) → V˜ (E), Ec → E0, and Eb → Ec.
This means the limits on the optimal AC spin-current
strength are identical to those in of the DC spin-current
with similar substitutions, i.e. the optimal AC spin-
current strength must be between the largest local crit-
ical current and twice the largest local critical current,
I˜maxc (E) < I˜opt < 2 I˜maxc (E), in the range E0 < E < Ec
where I˜c(E) is given by Eqn. (30). Here we have used
the alternative lower bounds I˜maxc (E) < I˜opt to insure
E˙ > 0 for E < Ec in light of the observation that, unlike
the DC case, as E → 0 I˜c(E)→ 0.
Reasserting the restriction that ω remain constant:
for systems where the optimal switching energy is small
Ec ≪ Eb the H = 0 trajectory stays close to φ = 3π/2
thus sinφ . −1 as is the case in when ω = ωopt(E).
This means the limits established previously still ap-
ply. From simulations of the free layers in section III
with uniaxial anisotropy we found I˜opt ≃ 1.5 I˜c(Ec) with
Ec ≃ 0.25Eb, well within the predicted range. For sys-
tems with Ec ≃ Eb the AC ST gets weaker as φ deviates
significantly from 3π/2. This corresponds to an effec-
tive increase in AC local critical current which in turn
shifts the range on the optimal value towards larger cur-
rents. Simulations from previous work in Ref. [24] for
purely AC ST switching on a free layer with strong easy-
plane anisotropy, Hz/Hx ≃ 30 and mp = eˆx + eˆz, show
I˜opt ≃ 3I˜maxc (E) where I˜maxc (E) is calculated numeri-
cally via Eqn. (30).
VII. CONCLUSION
In conclusion we have developed a theoretical descrip-
tion for magnetic switching using consecutive AC and
DC spin-current pulses which we have shown may signif-
icantly reduce the cost of switching via JHL. In addition
we have provided a set of optimization equations which
may be used to numerically determine the spin-current
protocols which minimize the JHL for such AC/DC given
some assumed form for each of the spin-current param-
eters. This includes determining the optimal AC spin-
current strength I˜s and frequency ω, the optimal DC
spin-current strength Is, and optimal AC and DC pulse
durations. We have also given the general form of the
energy dependent AC/DC spin-current protocol which
gives the global minimum JHL for such AC/DC strate-
gies. In all three cases, purely AC, purely DC, and con-
secutive AC/DC, this globally optimal protocol acts to
time reverse the purely relaxational trajectory of the free
layer magnetization from the energy barrier to the energy
minimum.
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